Technical description of turbulent schemes in ICON-AES and
ICON-LEM

Junhong Lee, Andreas Chlond, and Cathy Hohenegger
February 2020

1 Introduction

This document explains in detail the formulations of two turbulent schemes in (ICOsahedral Nonhydro-
static) ICON models: Total turbulent energy (TTE) scheme in ICON-AES and 3D Smagorinsky turbulent
scheme in ICON-LEM. Their locations in the model codes are also provided.

2 ICON-AES: total turbulent energy (TTE) scheme

Total turbulent energy turbulent scheme was implemented into ICON-AES by Felix Pithan and Thorsten
Mauritsen in 2016. This chapter will provide description of TTE scheme based on the codes and Louis (1979),
Brinkop and Roeckner (1995), Mauritsen et al. (2007), Zilitinkevich et al. (2007), Angevine et al. (2010),
Wan (2011), and Pithan (2014). These references will be referred as L79, BR95, M07, Z07, A10, W11, and
P14 for the convenience.

2.1 Atmosphere process

Detail descriptions of exchange coefficient in atmosphere (from k = 1 to k = nlev) are provided in this
section, where nlev is the lowest model level.
All the equations in section 2.1 are in subroutine atm_exchange_coeff of mo_turbulence_diag.f90

2.1.1 Turbulent energies

The TTE scheme prognoses total turbulent energy (E = Ej, + E,) rather than turbulent kinetic energy
unlike other turbulent prognostic schemes, where Fj, is the turbulent kinetic energy and E, is the turbulent
potential energy. The prognostic equation is given by F is given by

DE OF 0 for N2 >0

Dt ' 0z + g—— ’
2511/9’ for N2 <0

(2.1)

from M07 Eq. (4), where 7 is the turbulent stress, S is the wind shear and N is the Brunt-Véisila frequency,

C. OF
v = 7E3/2 is the dissipation rate, C. is empirical constant, Fr = —\S|l2a— is the turbulent flux of total
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turbulent energy, and [ is length scale (mixing length). E without vertical flux is computed using operator

splitting method as
OF B OF n OF (22)
ot \ ot ot ’ '
local dif fusion

where the first term of r.h.s is local process and computed first, and the second term of r.h.s is vertical
diffusion process and will be computed using VDIFF module like momentum and dry static. Local process
term is given by

(%f) = BVE - C(VE)? (2.3)
local

where B and C are

1) in stable case (Ri > 0):
B=K,S* (2.4)

i1) in unstable case (Ri < 0):
B=K, S*-2K, N* (2.5)



and

c=-= (2.6)

Convert Eq. (2.3) into an equation of vE

and discretize using implicit time stepping
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Finally, E*) can be obtained by solving a quadrature equation
1+ \/1 +C At [BAL+2VED)]
Ex) = (2.9)
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from BR95 Eqs. (A3-A10) and W11 section 5.3, where E™) is E at t + At, after local process, K,, and
K}, exchange coefficients for momentum and heat. Then, E is updated once more to get E(*+2%) by solving
vertical diffusion process in VDIFF module like momentum and dry static energy in the TTE scheme.

Once total turbulent energy is updated, £ and E, are derived from E®). The Ej, and E, can be ob-
tained from that ' = Ej + E, as follows

1) in stable case (Ri > 0):

E,=EY |1+ hi (2.10)
3RZ + P’I"o ’
and
E,=E i (2.11)
P 3R+ Pro|’ '
i7) in unstable case (Ri < 0):
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Ri
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: ORI = Pro| (212)
and
E,=E 1 (2.13)
P 2RI — Pro|” '
based on the relationship
i for Ri >0
&: 3RZ+P7’0 or = (214)
E Ri
" i
5 Ri— Pry or Ri <0,

from P14 Eq. (5.9) and A10 Eq. (A10), where Ri is moist Richardson number, Prq is turbulent Prandtl
number.

2.1.2 Exchange coefficient

The K,,, exchange coefficients for momentum, and K}, exchange coefficients for heat are derived from
different formulas. Which formula will be used is determined by the height where K is computed and con-
vective boundary layer height (hg). The K, and K}, are calculated as

Z) z > hg:
28
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C.EE/l - Bfo\/Ero}

(2.15)

and
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Ky = , 2.16
"= B (2.16)
from MO07 Egs. (B1) and (B2),
ZZ) z S hd/2):
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K, = (;OIC\/Ek, (2.17)
and
Ky, = Pry K, (2.18)
from A10 Egs. (A21) and (A22),
1) ha/2 < z < hq):
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Cov/E
if in unstable case (Ri < 0), there is one more procedure as
2cRi
K, =K, |1— c/ ! o , (2.21)
z 1/3 vV—Ri
and
3cRi
K, =K, |1— C/ ! 7 , (2.22)
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from ECHAMSG6 report Eqgs. (2.165) and (2.166), where hy is defined as the first model level whose dry static
energy exceeds that of the lowest model level, f; (fg) is nondimensional stress (heat flux), Cy (= C.) is
empirical constant related to the turbulence dissipation, [, is convective length scale in convective condition,

Bis g/0,, of = 2Ep‘]g—;| is potential temperature variation, Pro = K,,/Kp, = f2/2f2 is turbulent Prandtl
number, and ¢ = 5.0.
2.1.3 Moist Richardson number

Ri, moist Richardson number can be defined as

g AAO, + 0D Ag:

N? = . A (2.23)
S? = (AU)(QAJ;)(QAV)Q (2.24)
Ri = ];]—,j (2.25)

from BR95 Eq. (11) and M07 Eq. (5), where 6y, is cloud water potential temperature, and ¢; is total water
content, last two variables are conserved under phase transitions and are defined as

L, 6
G =q+m, (2.27)

from BR95 Egs. (6) and (7), where T is temperature, 0 is potential temperature, ¢ is specific humidity and
m is cloud water specific humidity (cloud liquid water + cloud ice specific humidity). The coefficients A and
D are defined as

A= CfAs + (1 — Cf)Au, D= Cst + (1 — Cf)Du, (2.28)

where C is cloud cover faction, Ay, Ay, D, and D, are defined as
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Ag=1+0.61g — | (1 +061q) - 1622 Ral — (2.29)
P
1+0.622—+
TOOR R
L
D,=A,— —1 2.30
= Ao, (2.30)
A, =1+0.61g, (2.31)
D, = 0.6, (2.32)
from BR95 Egs. (8-10), where g5 is saturated specific himidity.
2.1.4 Nondimensional stress and heat flux
Nondimensional stress (f,) and heat flux (fy) are defined as
i) in stable case (Ri > 0):
7] 0.75
= — = 2 2.
fr B, Jro {0 5+1+4Ri ) (2.33)
and
wh foo
= = — 2.34
o VEro2  1+4R0 (2:34)
from MO7 Eq. (6) and Mauritsen and Svensson (2007),
i) in unstable case (Ri < 0):
f'r = fTOv (235)
and
Jo = foo, (2.36)
2
where f,o = 0.17, fgo = — 21;2 = —0.1202081528, and Pro = 1.0. (In MO07, Pro = 0.69 and thus
0
foo = —0.145.)

2.1.5 Length scale
The [, length scale (mixing length) is derived as
1 1 N f N N
I kz Cf\/fTEk CN\/fTEk’

from MO7 Eq. (8) and A10 Eq. (A11), where & = 0.4 is von Karmdan constant, f is the Coriolis parameter,
Cy =0.185 and Cn = 2.0.

(2.37)

2.1.6 Convective length scale

The I., convective length scale is used to define the length scale in convective boundary layer. The I, is
computed as

1 1 f 3

le  kz CiVfrEr k(ha—2)
from A10 Eq. (A20). The second term of r.h.s. is included in the code, but that is not included in A10 Eq.
(A20). In personal conversation with Felix Pithan and Thorsten Mauritsen, they believe eddies in unstable
condition should also feel the coriolis force (the second term of r.h.s) like in stable condition. Thus, I leave
this as in the code.

for z < hg, (2.38)

2.2 Surface process

Detail descriptions of surface transfer coefficient is provided in this section.
All the equations in section 2.2 are in subroutine sfc_exchange_coeff of mo_turbulence_diag.f90



2.2.1 Turbulent energies
To obtain E, first Ej and E, are computed as Egs. (2.10-13) and then E is computed as

i) in stable case (Ri > 0):

E 2
B — (1 I P) U (2.39)

i1) in unstable case (Ri < 0):

B\ (4 + 2L wd)>3
E™ = <1+ ”) ( ;’C ) (2.40)

from P14 Eq. (5.17).

Again, F is updated once more to get E(**+2%) by solving vertical diffusion process in VDIFF module like
momentum and dry static energy in the TTE scheme.

2.2.2 Surface transfer coefficient

Surface transfer coefficient for momentum (Cy) and heat (Cj,) are defined as

Cy= CN,d - fa, (2.41)

and

Ch=Cnn- fn, (2.42)

from ECHAMSG6 report Eq. (2.173) where Cn 4 and Cy j, are surface transfer coefficients in neutral case for
momentum and heat, and fy and fj are stability functions for momentum and heat.

Both of surface transfer coefficients are suggested as

Cna= s (2.43)

and

Cnp = s —— (2.44)
’ 2 z z
u2? [ (2)] [ (35)] 70
from MO7 Eqgs. (9) and (10) and P14 Egs. (5.15) and (5.16) where z; is height of the first model full level,

ls is length scale at the surface, fg; = 0.4 is the fraction of the first level height at which the surface fluxes
are nominally evaluated, zg is roughness length for momentum, and zgy is roughness length for heat.

Both of stability functions can be obtained

1) in stable case (Ri > 0):

fr
= I 2.45
fa o (2.45)
and
fo Ir
=—/, 2.46
I foo | fro (2.46)
from MO7 Egs. (9) and (10) and P14 Egs. (5.15) and (5.16)
i1) in unstable case (Ri < 0):
2cRi
fa=|1- , (2.47)
1+ 3204 1| —Ri (7 + 1)
and
3cRi
In=|1- , (2.48)

143620 [~ Ri (2 +1)

Z0h

from ECHAMSG6 report Eqgs. (2.180) and (2.181) where ¢ = 5.



2.2.3 Moist Richardson number

The Ri at surface is determined same as Eq. (2.25) except S. In case of surface S is suggested as

(U1)? + (V1) + (cwws)?
22 ’

from P14 Eq. (5.16) where U; and V; are wind speed at model full level and ¢,, = 0.5 is the ratio of the
mean absolute wind at the first level to the convective velocity scale under free convection.

S? = (2.49)

2.2.4 Surface length scale

The [, surface length scale is calculated as
i) in stable case (Ri > 0):

1 1 f N 3
— = 4 + + , 2.50
ls  kfazr  CiVI-Ex CnVI-Ep k(ha— faz) (2:50)
i4) in unstable case (Ri < 0):
1 1 3
- f (2.51)

= + + .
ls  kfazr  CiVI-Ep  k(ha— faz)

There is no reference for equation and it has a terms for unstable condition (the fourth term of r.h.s). In
personal conversation with Felix Pithan and Thorsten Mauritsen, they think A4 in stable condition are small
enough so including this term does not make big differences from the case that this term is not included.

2.3 Tendency (VDIFF module)

Detail description of momentum (and E) and temperature (and scalar) tendencies are provided in this
section. The tendency in ICON-AES is calculated by VDIFF module which is implicit time stepping solver,
since turbulent mixing is a very fast process compared to the typical time step used by global hydrostatic
models (ECHAMSG6 report).

2.3.1 Discretization

The tendency of prognostic variable (¢), which can be momentum (and E) or heat (and scalar), due to
turbulent motion is obtained from

ot At
o _ o (0
T Tap o P Te: |

in subroutine vdiff_tendencies of mo_vdiff_solver.f90

(81&) _ z/}](CHA:&) o %(ct)
turb (252)

To integrate Eq. (2.52), the model from time instance t to t + At, the r.h.s of Eq. (2.52) has to be
evaluated at intermediate time level ¢ defined by

e =a vy T+ (1-a) Y, (2.53)
where o = 1.5 denotes the implicitness factor and follows its value the IFS model of the ECMWF.

After discretization of Eq. (2.52) and substitution of Eq. (2.53) in to Eq. (2.52), we can get

1[)k+1 1/;k 1[%4 ,(:)
—A ——+ B ——-C = — 2.54
k+1/27 + Dg41/2 o K1/27 o ( )

where Ay 1/2, Brt1/2, and Cyyy /o are obtained as

1 Pr+1/2 Ky k172
A = At : 2.55
kL Apr 9 Zk = Zk+1 ( )
1 Pr—1/2 Ky r—1/2
= At : 2.
Cr+1/2 Nt AT —— (2.56)
Biyio =1+ Agyir/2 + Cryayo, (2.57)
i)for k=1
Cl+1/2 should be rewritten as
Cry172 =0, (2.58)



1) for k = nlev
Ap41/2 should be rewritten as

Pr

Y 0+ (D) + (v, (2.59)

Ak+1/2 = CwAtOZ

My, is air mass [kg m 2]

in subroutine matrix_setup_elim of mo_vdiff_solver.f90

2.3.2 Tridiagonal matrix

Firstly, Ej41/2 and Fj4/2 are computed from k =1 to k = nlev as

Apg1/2

Eyi1/2 = (2.60)

Biy172 = Crr1y2 Ex—1)2

and in subroutine matrix_setup_elim of mo_vdiff_solver.f90
for k = nlev, in subroutine matrix_to_richtmyer_coeff of mo_vdiff_solver.f90

¢1(f)/04 + Cry1y2 Fro1)2
Bit1/2 = Cry1y2 Erx_1y2’

Fyy1)2 = (2.61)

in subroutine rhs_elim of mo_vdiff_solver.f90
for k = nlev, in subroutine matrix_to_richtmyer_coeff of mo_vdiff_solver.f90

Then, 9, is computed from k =nlev to k =1 as

Uk = Ejr1/2 Va1 + Frpyo. (2.62)
in subroutine rhs_bksub of mo_vdiff_solver.f90

Finally, ,(CHN) is calculated using Eq. (2.53) according to ,(:er) = lz[}k — %wl(f) and the tendency is

«

(t+at) __ (1)

calculated as (%—f) = W.
turb

3 ICON-LEM: 3D Smagorinsky turbulent scheme

3D Smagrinsky turbulent scheme was implemented into ICON-LEM by Anurag Dipankar in 2013. This
chapter will provide description of 3D Smagorinsky turbulent scheme based on the codes and Dipankar et
al., 2015. T will refer Dipankar et al. (2015) as D15 for the convenience.

3.1 Atmospheric process

Detail descriptions of exchange coeflicient in atmosphere are provided in this section. You can find further
detail on grid system in Wan (2009) and Dipankar et al. (2015).
3.1.1 Exchange coefficient

The K,, at grid center and interface level is given by

1/2
R Ri
__\2 _ _
K., = Xp|S| (1 PT) for <1 Pr) >0, (3.1)
and
K,
K, = = 2
h P?”, (3 )

from D15 Eq. (10), where X is subgrid length scale, |S| = |D|/v/2, D is shear strain tensor, and Pr = 0.33333.
There is a comment on K, in the code: note that the factor v/2 with A2 is considered into the Smagorinsky
constant.

in subroutine smagorinsky_model of mo_sgs_turbulence.f90



3.1.2 Richardson number

Richardson number, Ri, is obtained as

N2
Ri ?’ (33)
where N2 and S? are
g Ab,
N?=— 3.4
0, Az’ (3-4)
in subroutine brunt_vaisala_freq of mo_les_utilities.f90
and
D2
2 _ -
S* = 5 (3.5)
in subroutine smagorinsky model of mo_sgs_turbulence.f90
3.1.3 Subgrid length scale
The A subgrid length scale is given by
1 1 1

A2 (CoA)? T (k2)?

where C, = 0.23 is Smagorinsky constant and A = (AzAyAz)'/3.
in subroutine smagorinsky_model of mo_sgs_turbulence.f90

3.1.4 Shear strain tensor

Shear strain tensor, D, will be suggested this subsection. It is better to define the coordinate system of
the ICON before moving on the detail. x7 is the horizontal axis normal to the triangle edge, x5 is the hori-
zontal axis to the triangle edge, x3 is vertical axis (Figs. 1 and 2). Velocity components (v, va, v3) increase
along with these axises. v; is velocity component normal to the triangle edges at triangle edge and full level
(can be referred as vy,), v is tangential velocity component at triangle edge and full level (can be referred as
vt), and vg is vertical velocity component at triangle center and interface level. Furthermore, I would like to
define notations used here. Position letters denote e: triangle edge, v: triangle vertex, c: triangle center, f:
full level, and i: interface level (Fig. 1). The arrow on the superscript indicates interpolation from left letter
to right letter. A operator with subscript indicate difference between the variables at right letter and left
letter. A,, operator means difference between the variables at two interface levels. For example, Ag U§e_w)
indicates v; at b minus v; at a and two vy are interpolated into triangle vertex from triangle edge before
subtraction.

Shear strain tensor is given by

, (3.7)
B Aab vie—w)
B Aab € ’
81)1 81}2
Do = | =24 272
12 (8332 + 8.%‘1)
(3.8)
B Age v%e—w) . Aup vge—w)
B Adc T2 Aab T
81)1 31)3
Dis= 2L+ 22
13 <81‘3 + 6.231)
_ (3.9)
_ Ay Ugfﬁl) Agp ”zgfﬁf)
A T3 qu X1
D1 = Do, (3.10)



B AZE3 véfﬂi) . Adc Ugcau)(iﬁf)
- A 3 Age T2

D3y = Ds3,

D3y = Da3,

D —9 8113
33 — 8x3
_2 Ax3 UéC_NE)
- A I3 ’

D?* = D}, + D3, + D33+ 2 (D}, + Dis + D33)
from D15 Egs. (20-28).
in subroutine smagorinsky model of mo_sgs_turbulence.f90

The subgrid-scale stress tensor is parameterized

1 3
Tij = K (Dij —3 dij Z Dmm>

m=1

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

Figure 1: (left) Schematic showing the primal (black triangles) and dual (red hexagons) cells, and the
associated local coordinate system. Unit vectors 1, 2, and 3 point in the direction of edge normal, tangent,
and vertically upward, respectively. (right) Schematic of two adjacent triangles in ICON grid identifying the

various locations used to discretize the turbulent diffusion term. The figure is taken from D15.

3.2 Surface process

There is nothing to describe. Surface sensible heat flux (H), latent heat flux, and friction velocity (u)

are calculated in simple surface layer scheme.
in subroutine surface_condition of mo_surface_les.f90
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Figure 2: The primal and dual cells and edges, and the associated unit vectors and areas. The figure is taken
from Wan, 2009.

3.3 Tendency

Detail description of momentum and temperature (and scalar) tendencies are described in this section.
The tendency in ICON-LEM is derived from horizontal diffusion terms and a vertical diffusion term. The
horizontal diffusion is calculated explicitly whereas the vertical diffusion is calculated implicitly. Calculation
processes for vy, vs, and temperature are different since vy is stored at triangle edge and full level, vs is
stored at triangle center and interface level, and temperature is stored at triangle center and full level. Thus,
I separate this section into three subsections.

3.3.1 Normal velocity tendency

(9’01 6’()1 (9’01
(m) = (m) * (m) ’ (3.18)
hori,turb vert,turb
8’[11 o 1 67’11 + 87’12
ot hori,turb - P axl 61'2

Total tendency:

Horizontal tendency:

(3.19)
o ]. qu 7'11+Agf T12
chc—m) Agp w1 Dgyws )
, Ao\ 2. | , Agevr) 2
A = Ki=D 12 == — | - Div.| — K79 |2 [ —“— | — ZDiv. 3.20
qp T11 m N 3 v m Ao 11 3 w., ( )
from D15 Eq. (B1) where Div. = %(Dll + Dog + D33) and
; Aec U1 Aab UQ- ; Ade U1 Aab V2
A _ K(c%v)(zﬁf) o K(c%v)(z—)f) 3.91
of T12 " Aec T2 N Aab T " Ade T2 * Aab T ( )

from D15 Eq. (B2).
in subroutine diffuse_hori_velocity of mo_sgs_turbulence.f90

Vertical tendency (implicit method):

ovy B v£t+At) — vgt)
ot n At
vert,turb
_1(0ms (3.22)
B p\ Ox3

. 1 Amg T13
- p;ﬁc—m) A x5 ’

AI3U1 qu (%]

A (% A V3
Ao T — K(c%e) _ gr(c—e) T3 qp 3.23
z3713 m,k—1/2 Al'g qu x1 m,k+1/2 AZL’g qu 1 ( )
where v%HAt) is v; at time ¢ 4+ At. For vertical tendency, implicit method is used. It is noticeable that the

implicitness factor, «, is different from that of ICON-AES as « = 1 is used here.

After discretization, Eq. (3.22) can be rewritten as

(t)
A A A U1k
Agt1/2 vgl—:—f) + Biy1)2 ”it/—: Y 4 Cryrjo Uﬁl—e:lt) = A17t+ Qk, (3.24)

10



where Api1/2, Bri1/2, Akyi1/2, and i are given by

(c—e)
A _ 1 Kol
R P;(fﬁe)Axg Zp—1— 2k
(c—e)
1 K’mk 1/2
Chrrjs = k+1/

- ’
pg_’e)Amg 2k = Zk+1

1
Bk+1/2 = E - Ak+1/2 - Ck+1/2»

Q= b | gese BwUsko1/2 | pese)  Bap Vski1)2
] p;cc_M)Axg m,k—1/2 qu x1 m,k+1/2 qu 1
i) for k=1
K k—1/2 should be rewritten as
(c—e) .
Km,k:fl/Z =0,
1) for k = nlev
K, k4172 and 2 should be rewritten as
(c—e) o
Km,k+1/2 - 0’
and
QO = 1 (cse) Dgp V3k-1/2 B u?
chc—m)AxB m,k—1/2 qu 1 A2k71/2’

where u, is friction velocity.
in subroutine diffuse_hori_velocity of mo_sgs_turbulence.f90

Firstly, Ey41/2 and Fy /o are computed from k£ =1 to k = nlev as

Cry1/2

E = )
kt1/2 Bry1/2 = Ags1/2 Er-1)2

and

vﬁi/ﬁt + Qs — Agy1/2Fk-1/2
Bii1a — Apyiyo Ex_vp

Fry12=

Then, vﬁzm) is computed from k& =nlev to k=1 as

t+At t+At
Ui,k ) = 7Ek:+1/2 U§7k+1) + Fk+1/2.

in subroutine tdma_solver of mo_math_utilities.f90

’L}Y+At>7v§t)

8’[}1 _
)vert,turb o At

Finally, the tendency is calculated as (W

3.3.2 Vertical velocity tendency

61)3 . 81}3 61)3
o) \a) Tl ’
hori,turb vert,turb
6’03 _ 1 87’31 n 87’32
ot hori,turb - P 8I1 8I2

_ 1 (qu T31 i Agf 7'32> 7

Total tendency:

Horizontal tendency:

pl(cfﬁi) qu I Agf X2
N Ufk_icl(p)) . Ufk—w(l))) Ay vs B vfk—:cl(q)) _ Ug,ek_w(q» A, vs
w " Zh—1— 2k Acp 1 Zh—1 — 2k Age 1

11

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)



(e—v(d)) (e—wv(d))

Vg 1 - Age v
— Ke) [ s 2k e 3 (3.38)
Zh_1 — 2k Age 2

(e=uv(e)) _, (e=u(e))

v
_ 2,k—1 2.k
Agyras = K77 A
Zk—1 — Rk ec L2

Aec U3

where ¢(p) is interpolation to triangle center at p, ¢(q) is interpolation to triangle center at ¢, v(c) is inter-
polation to triangle vertex at ¢, and v(d) is interpolation to triangle vertex at d.

Vertical tendency (implicit method):

(t+At) (t)
Ovs U3 k-172 7 Y3 k—1/2
ot N At
vert,turb
_ 1[0 (3.39)
©p\ Oxs

1 [ T33k—1 — T3k
= =2 )
Pk Zk—1 — 2k

. V3 fo — V3 j— 2 . U3 L —v 2
S Kr(ézf)l [2 < 3,k—3/2 3,k 1/2) _ 3Divk1] _szf) [2 ( 3,k—1/2 3,k+1/2> _ gDin

Rk—3/2 — Rk—1/2 Rk—1/2 — Rk+1/2

(3.40)
After discretization, Eq. (3.39) can be rewritten as
(t)
v
k=
Ay Ugtz__Agt/)2 + By, U;(;I-:_Alt/)Z + C v;(gf;ff/)z =2 Atl/Q + Qp_1/2, (3.41)
where Ay, By, Ck, and €,/ are computed as
1 K800
A = -2 i 3.42
g pr(2k—1 —2x) Azz ' (3.42)
1 K@Zf)
Cr=-2 T 3.43
g pr(zk—1 — 2zx) Awxs (3.43)
1
By = A Ay — Ch, (3.44)
2 np 2 i~y
Qk71/2 = _gKm,klelvk_l + gKm’k Dle, (345)
1) for k=2
A, and By, should be rewritten as
Ar =0, (3.46)
and
By = ! 2 ! Kr(;zi)l C 3.47
FE AT pr(zp—1 — zx) Aws " (347
1) for k = nlev
By, and C}, should be rewritten as
Cr =0, (3.48)
and
By =—— A +2 UL, 3.49
A ke pr(Zk—1 — 21) Axs (3.49)
in subroutine diffuse_vert_velocity of mo_sgs_turbulence.f90
Firstly, Ey and F}, are computed from k =1 to k = nlev as
Ck
Ey=—"-——" .
F= B A By (3.50)
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and

_ Uét}cfl/z/At + Q12 — ArFr1

Fp = 3.01
i By — A By (8:51)

Then, vit;fl% is computed from k£ = nlev to k =1 as

t+At t+At
U§7k—1/)2 = —Lj vé,k+1/)2 + F. (3.52)

in subroutine tdma_solver of mo_math_utilities.f90

(a0 (1)
_ Y3 k—1/2" Y3 k-1/2
- At .

Finally, the tendency is calculated by (%)Vert urh

3.3.3 Temperature tendency

oT B oT oT -
E - E + E P ( . )
hori,turb vert,turb

or B ovyT"  ovyT"
E . - 81‘1 + 8352
hori,turb

AT,
[Vtri ' (k}(f%e) quxk>
qpt1

where Vi, is divergence at center of the triangular grid, and ¢ = z—” is coupler that converts the temperature
tendency for the dynamics.

Total tendency:

Horizontal tendency:

(3.54)

,

Vertical tendency (implicit method):

t+At t
aT T -
ot At

vert,turb

__9nT (3.55)
613
Ti1— Tk T — Tht1
= [Kh,k1/2— Kh,k+1/27+ .
Rk—1 — Rk Rk — Rk+1
After discretization, Eq. (3.55) can be rewritten as
(t+A1) (t+A1) (t+At) T;it)
A2 Ty 7 + Brgaye Ty, +COppaye Ty = 2+ (3.56)
where Ap11/2, Bry1/2, Cit1/2, and {1y are obtained as
1 Khg-1/2
A =1 3.57
k+1/2 A.Tg b1 — 2k ¢a ( )
1 Kppr1/2
O o , 3.58
k+1/2 NP (3.58)
1
Big1/2 = N Apg1/2 — Crgy2, (3.59)
Q. =0, (3.60)
1) for k=1
Aj41/2 should be rewritten as
Ak+1/2 = 0, (361)
1) for k = nlev
Cl+1/2 and §y should be rewritten as
Ck+1/2 == 0, (362)
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and

Q= —Ho, (3.63)

where H is surface sensible heat flux [Kms™!].
in subroutine diffuse_scalar of mo_sgs_turbulence.f90

Firstly, Ey41/2 and Fj4 /2 are computed from k =1 to k = nlev as

Cri1)2
Epy1y = : 3.64
R Briij2 — Apg1ye Ex—1)2 (3.64)
and
(t)
Ty JAt+ Qi — App1yoFr_1)2
Fiy12 = = aa 2, (3.65)
Bit1/2 — Aky1/2 Er-1/2
Then, vif;m) is computed from k& =nlev to k=1 as
T = By TEEY + Frga o (3.66)

in subroutine tdma_solver of mo_math_utilities.f90

(t+A8) _ (1)
— Tk 7Tk .

Finally, the tendency is calculated by (%—f)vert furb = N
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